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Spines for branched self covers

Branched self-cover of sphere
f: (S%,P) — (5%, P).
Gives virtual endomorphism or topological automaton of a spine:

s

SAFL(P) T SA\P

|

I ——— N
¢

with 7s a covering map (restriction of f), ¢s the inclusion map, and maps 7 and
¢ on graphs commuting up to homotopy.

Spine for X: graph that fills © (complement: punctured disks)
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Example: f(z) = (1 + z%)/(1 — Z?)

Critical portrait:

@ (2)
02—

Set P = {-1,1,00}
C
a, a - a b
¢
T
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Spines and automata

Spines to automata
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Spines and automata

Spines to automata

o(Je
Spine

o Collapse maximal tree in 'y and lift in 'y to get Ry, Ry
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Spines and automata

Spines to automata

wu ()

Splne Rose graph spine

o Collapse maximal tree in 'y and lift in 'y to get Ry, Ry
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Spines and automata

Spines to automata

wu ()

Splne Rose graph spine

o Collapse maximal tree in 'y and lift in 'y to get Ry, Ry

o Homotop ¢ so vertices of R; map to vertex of Ry
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Spines and automata

Spines to automata

= (a,A) (b, e) be (a,b)

Splne Rose graph spine

o Collapse maximal tree in 'y and lift in 'y to get Ry, Ry
o Homotop ¢ so vertices of R; map to vertex of Ry

o Label edges by 71 (Rp)
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Iteration
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Main theorem

Theorem

Let f: (52, P) O be a branched self-cover with at least one branch point in each
cycle in P, and let w,¢: Ty — [y be a corresponding virtual endomorphism.
Then the following are equivalent:

o f equivalent to a rational map

o for some metric on 'y and some n > 0, ¢,: [, — [ is loosening

o for every metric on 'y and every n > 0, ¢,: I, — Ig is loosening

Definition
If [y, To are metric graphs, a Lipshitz map ¢: 'y — [ is loosening if, for almost

eve e g,
T S 6l <1
xep~1(y)

In particular, ¢ is 1-Lipshitz.

Dylan Thurston (Indiana University) Detecting rational maps using elastic graphs August 18, 2015 8 /22



_ WMaintheorem |
Example: f(z) = (1 + z%)/(1 — Z?)
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Energies for graph maps

Union of ¢ Elastic ¢ Elastic f Length
circles C graph 'y graph I, graph K

o Elastic graph: graph with spring
constant on each edge
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Energies for graph maps

Union of ¢ Elastic ¢ Elastic f Length
circles C graph 'y graph I, graph K

o Elastic graph: graph with spring
constant on each edge

o Emb(g) =sup Y. [¢/(x)

Y2 xeg1(y)
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- Eregic
Energies for graph maps

Union of ¢ Elastic ¢ Elastic
circles C graph 'y graph I,

o Elastic graph: graph with spring
constant on each edge

o Length graph: graph with length on
each edge

o Emb(g) =sup Y. [¢/(x)

Y2 xeg1(y)

o Dir(F) =f 1 ()| dx

x€ly

Dylan Thurston (Indiana University) Detecting rational maps using elastic graphs

Length
graph K

August 18, 2015

11/ 22



Energies for graph maps

Union of ¢ Elastic ¢ Elastic f Length
circles C graph 'y graph I, graph K

Elastic graph: graph with spring
constant on each edge

Length graph: graph with length on
each edge

Emb(¢) = sup 2 ¢ (x)]

Y2 xeg1(y)
Dir(f) =f r 1 ()| dx
X€el 2

SEL()= |  nely)?dy

y€el

©

(4]

(4]

(]
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Energies for graph maps

Union of ¢ Elastic ¢ Elastic f Length
circles C graph 'y graph I, graph K
o Elastic graph: graph with spring
constant on each edge Submultiplicative. . .
o Length graph: graph with length on o Dir(f o ¢) < Emb(¢) Dir(f)
each edge o EL(¢0c) < EL(c) Emb(9)

(4]

Emb(¢) = sup 2 ¢ (x)]

Y2 xeg1(y)
Dir(f) =f r 1 ()| dx
X€el 2

SEL()= |  nely)?dy

y€el

(]
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Energies for graph maps

Union of ¢ Elastic ¢ Elastic f Length
circles C graph 'y graph I, graph K
o Elastic graph: graph with spring
constant on each edge Submultiplicative. . .
o Length graph: graph with length on o Dir(f o ¢) < Emb(¢) Dir(f)
each edge o EL(¢0c) < EL(c) Emb(9)
/
° Emb(¢) = ysé‘r'i XE;(” '] ... minimizing over homotopy
class:
o Dir(f) = | |70 ox > Dir[f o 6] < Emb[¢] Dir[f]
x€la o EL[¢ o c] < EL[c] Emb[¢]
o EL(c) = ne(y)? dy

y€el
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Stretch factors for graph maps

Union of ¢ Elastic ¢ Elastic f Length
circles C graph 'y graph I, graph K
o Emb(g) =sup ) [¢/(x) .
YeT2 sep1(y) o SFpi[¢] = sup M
. , 2 K,f Dlr[f]
o Dir(f) =J [f'(x)|” dx
x€ely
o EL(f) = ne(y)? dy
yer
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- Eregic
Stretch factors for graph maps

Union of ¢ Elastic ¢ Elastic f Length
circles C graph 'y graph I, graph K

o Emb(¢) = sup Z ¢ ()] ir[f o
yels xep—1(y) [+ SFDir[¢] = sup M
. ) k. Dir[f]
o Dir(f) =J I (x)|” dx
X€r2
o EL(f) = ne(y)* dy
yer
Theorem

Forany ¢: 1 — I,
Emb([¢] = SFpi[¢]
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- Eregic
Stretch factors for graph maps

Union of ¢ Elastic ¢ Elastic f Length
circles C graph 'y graph I, graph K

o Emb(¢) = sup Z ¢ ()] ir[f o
yels xep—1(y) [+ SFDir[¢] = sup M
) k. Dir[f]
o Dir(f) =J £/ (x)|” dx EL
xels ° SFEL[¢] = supM
o EL(f) = ne(y)? dy ce ELlc]
yer
Theorem

For any ¢: Ty — I,
Emb[¢] = SFpir[¢] = SFeL[4)].
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Energies and stretch factors for surface maps

Union of ¢ Conformal ¢ Conformal f  Length
circles C surface X ; surface X, graph K

o For f: Y5 — K, have Dirichlet energy.
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Energies and stretch factors for surface maps

Union of ¢ Conformal ¢ Conformal f  Length
circles C surface X ; surface X, graph K

o For f: Y5 — K, have Dirichlet energy.

o For c: C — X; an embedded simple closed multi-curve, have extremal
length EL][c].
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Energies and stretch factors for surface maps

Union of ¢ Conformal ¢ Conformal f  Length
circles C surface X ; surface X, graph K

o For f: Y5 — K, have Dirichlet energy.
o For c: C — X; an embedded simple closed multi-curve, have extremal
length EL][c].

o For ¢: ¥; — Y, a topological embedding, SF[¢] = sup M
C,c EL[C]
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Energies and stretch factors for surface maps

Union of ¢ Conformal ¢ Conformal f  Length
circles C surface X ; surface X, graph K

o For f: Y5 — K, have Dirichlet energy.
o For c: C — X; an embedded simple closed multi-curve, have extremal
length EL][c].

o For ¢: ¥; — Y, a topological embedding, SF[¢] = sup M
C,c EL[C]

Theorem (Kahn, Pilgrim, T)

SF[¢] < 1 < ¢ homotopic to conformal embedding
SF[¢] < 1 < ¢ homotopic to conformal embedding with some space
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Energies and stretch factors for surface maps

Union of ¢ Conformal ¢ Conformal f  Length
circles C surface X ; surface X, graph K

o For f: Y5 — K, have Dirichlet energy.
o For c: C — X; an embedded simple closed multi-curve, have extremal
length EL][c].

o For ¢: ¥; — Y, a topological embedding, SF[¢] = sup M
C,c EL[C]

Theorem (Kahn, Pilgrim, T)

SF[¢] < 1 < ¢ homotopic to conformal embedding
SF[¢] < 1 < ¢ homotopic to conformal embedding with some space

If SF[¢] > 1, then SF[¢] is the minimal quasi-conformal constant in [¢].
General interpretation??
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Relating graphs and surfaces

Elastic ribbon graph ' ~~~> Conformal surface NI

=~ \Y %”@
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- Eregic
Relating graphs and surfaces

Elastic ribbon graph ' ~~~> Conformal surface NI

=~ \Y %”@

Proposition

For T an elastic ribbon graph, t <« 1, and
cacurveonl

ELr[C] <t- ELNtr[C] < (1 + 6) ELr[C],

where € depends only on the local
geometry of T
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Relating graphs and surfaces

Elastic ribbon graph ' ~~~> Conformal surface NI

=~ \Y %”@

Proposition Corollary

For T an elastic ribbon graph, t < 1, and For ¢: 'y — [, a suitable map between
cacurveonTl elastic ribbon graphs and t « 1,

ELr[c] < t-ELwr[c] < (1 +¢)ELr[c], (1—¢)SF[¢] < SF[N:p] < (1+¢)SF[¢]

where € depends only on the local where € depends only on the local
geometry of T geometry of 'y and I5.
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Behavior under iteration

Experimental data
SF

4r —(4,4,1)

18|

Logarithmic plot of SF, iterating running example
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Behavior under iteration

Experimental data
SF

12}

18|

=)
—
[N
w
L=
=
o
~
oo

Logarithmic plot of SF, iterating running example with varying elastic lengths

Dylan Thurston (Indiana University) Detecting rational maps using elastic graphs August 18, 2015 16 / 22



Behavior under iteration

Experimental data
SF

—

1/4}

18|

Logarithmic plot of SF, iterating running example with varying elastic lengths and
topology.
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Behavior under iteration

Experimental data
SF

Logarithmic plot of SF, iterating running example with varying elastic lengths and
topology.

Dashed line shows limiting behaviour: SF[¢,] = 27"/ in this case.
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Behavior under iteration

Key to main theorem: Asymptotics of stretch factors

Definition

For ,¢: 'y — g a virtual endomorphism of elastic graphs, the asymptotic

stretch factor is o
SF[¢] = nleoo /SF[¢n].
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Behavior under iteration

Key to main theorem: Asymptotics of stretch factors

Definition

For ,¢: 'y — g a virtual endomorphism of elastic graphs, the asymptotic

stretch factor is o
SF[¢] \/SF[¢n].

= |lim
n—oo
Lemma

SF[¢] is independent of elastic weights on Ty.
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Behavior under iteration

Key to main theorem: Asymptotics of stretch factors

Definition

For ,¢: 'y — g a virtual endomorphism of elastic graphs, the asymptotic

stretch factor is o
SF[¢] \/SF[¢n].

= |lim
n—oo
Lemma

SF[¢] is independent of elastic weights on Ty.

Proof.
SF[¢ o ¥] < SF[¢] SF[¢]

0
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Behavior under iteration

Key to main theorem: Asymptotics of stretch factors

Definition

For ,¢: 'y — g a virtual endomorphism of elastic graphs, the asymptotic
stretch factor is

SF[¢] = lim </SF[g,].

Lemma

SF[¢] is independent of elastic weights on Ty.

Proof.
SF[¢ o 9] < SF[¢] SF[]
SF[I", — Iy] < SF[I, — | SF[, — To] SF[Fo — g]
Ky SF[ ' — To]Ko. O
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Behavior under iteration

Asymptotic stretch factor for surfaces

Definition

For m,¢: S; — Sp a virtual endomorphism of surfaces, the asymptotic stretch

factor is o
SFSurf [¢] \/n SF[¢H]

= lim
n—0o0
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Behavior under iteration

Asymptotic stretch factor for surfaces

Definition
For m,¢: S; — Sp a virtual endomorphism of surfaces, the asymptotic stretch
factor is
ﬁsurf [(b] = n“—>moo A/ SF[(b,,]
Lemma

SFsuct[#] is independent of conformal structure on Sy.
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Behavior under iteration

Asymptotic stretch factor for surfaces

Definition
For m,¢: S; — Sp a virtual endomorphism of surfaces, the asymptotic stretch
factor is
ﬁsurf [(b] = n“—>moo A/ SF[(b,,]
Lemma

SFsuct[#] is independent of conformal structure on Sy.

Lemma
STSurf [(,25] = ﬁGraph [¢]
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Behavior under iteration

Asymptotic stretch factor for surfaces

Definition
For m,¢: S; — Sp a virtual endomorphism of surfaces, the asymptotic stretch
factor is
ﬁsurf [(b] = n“—>moo A/ SF[(b,,]
Lemma

SFsuct[#] is independent of conformal structure on Sy.

Lemma
STSurf [(,25] = ﬁGraph [¢]

Proof.

Use same technique as above, combined with result on approximating SF for I
and Ntr O
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Completing the proof

Theorem

Let f: (52, P) ©O be branched self-cover, at least one branch point in each cycle
in P. Then f equivalent to a rational map < exists surface Yo = S?\P so that

Y. T 3 ¥,

é
with ¢ a conformal embedding.
Proof.
Folklore, using quasi-conformal surgery; written by Cui—Peng—Tan. O
Corollary

SFsurt[¢] < 1 iff (7, $) is equivalent to a rational map

Proof.
Combine theorem above with characterization of surface embedding by SF. O
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Completing the proof, cont

Corollary

SFsure[@] < 1 iff (7, ¢) is equivalent to a rational map

Theorem

Let f: (52, P) ©O be a branched self-cover with at least one branch point in each
cycle in P, and let w,¢: Ty — [y be a corresponding virtual endomorphism.
Then the following are equivalent:

o f equivalent to a rational map

o for some metric on 'y and some n> 0, ¢,: [, — [ is loosening

o for every metric on 'y and every n > 0, ¢,: I, — Ig is loosening
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Questions

o Census of rational maps? (Table of 464 rational maps vs. 1,701,935 prime knots)
o Apply criterion in concrete cases (e.g., matings)?

o Polynomial-sized certificates?

o Is SF[¢] always algebraic? How to compute it?

o New proof of W. Thurston’s annular obstruction?

o Direct interpretation of SF[¢] for ¢: S; — S, when SF[¢] < 17 (When
SF[¢] = 1, it equals the minimal quasi-conformal dilatation.)

o What happens for topological automata that do not come from rational
maps? What does SF[¢] < 1 mean in general?
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